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Paper |
UNIVERSAL EXTENSIONS AND EXT-ORTHOGNAL
COMPLEMENTS OF TORSION CLASSES

Endre S. Rundsveen
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Torsion pairs

Definition [Dickson '66]

A pair (T, F) of full subcategories of an abelian category A is a torsion pair
if

1. Homu(7, F) =0, and

2. for each X € A there exists a short exact sequence

0 tX X FX 0

such thattX € 7T and {X € F.
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Example
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Previously known

Teorem [Bauer-Botnan-Oppermann-Steen’20, Buan-Zhou’'24]

Let (7, F) be a functorially finite torsion pair. Then we have the following
equivalence
J_ET

ey

[Bauer-Botnan-Oppermann-Steen’20] - A result on tilting
[Buan-Zhou'24] - A result on 7-tilting

@ NTNU | Fmsisaences



Example cont'd
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Motivating question

Can we remove the assumption of functorially finiteness?
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Answer

Teorem [R.'24]

Let A be an abelian Krull-Schmidt category and (7, F) a torsion pair of A.
There is an equivalence
J_ET
T
where £ is the subcategory of objects in F with a universal extension to T,
and 7 is the ideal in +27 of morphisms factoring through 7.

~ &

Note, this can also be seen as a consequence of a result by
[Demonet-lyama’16].
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Paper I
7-TILTING FINITENESS AND g-TAMENESS: INCIDENCE
ALGEBRAS OF POSETS AND CONCEALED ALGEBRAS

Erlend D. Bgrve  Jacob Fjeld Grevstad
Endre S. Rundsveen

@ NTNU | Fmsisaences



Definitions

Definition [Adachi-lyama-Reiten’14]

A pair (M, P) of finitely generated A-modules is a 7-rigid pair if
1. M is 7-rigid, i.e. Homa (M, 7M) = 0, and
2. Pis projective such that Homp (P, M) = 0.

Moreover, a T-rigid pair (M, P) is r-tilting if |M| + |P| = |A|.

Definition

Let (P, <) be a poset with Hasse quiver Q. The incidence algebra of (P, <) is
given by kQ/I, where I is generated by commutivity relations.
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How many?

Finite Tame Wild
T-tilting finite g-tame
[DIJ19] [AY23,PYK23]
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How many?
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Finite Tame Wild
T-tilting finite g-tame
[DIJ19] [AY23,PYK23]
g(Sg.(l) g(Pg,u)
g(Uny) g(PA-O)
g(o.pz)
5 1
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How many?

Finite

Tame

Wild

T-tilting finite
[DI)19]

g-tame
[AY23,PYK23]

(P2,0)
g(U,F’J) g(PI‘O)

(0,P2)

—
o—Ze

2 1
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How many?

Finite Tame Wild
g(Pz.O)
T-tilting finite g-tame
[DIJ19] [AY23,PYK23] g0 P10
g(u,m)
=
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Results

Finite Tame Wild
T-tilting finite g-tame
[DIJ19] [AY23,PYK23]

Concealed algebras

Incidence algebras

Multiply connected

\\\\\\\\\\\\ /
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Paper lll
7,~TILTING THEORY FOR LINEAR NAKAYAMA ALGEBRAS

Endre S. Rundsveen Laertis Vaso
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d-cluster tilting subcategory TR

2-cluster tilting subcategory of A(9,4).
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d-cluster tilting subcategory
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d-cluster tilting subcategory - Definitions

Definition [lyama’07]

Let A be a finite dimensional k-algebra. A functorially finite subcategory
C C mod A is a d-cluster tilting subcategory if

C={M cmodA|Exty(M,C)=0for1<i<d-1}
={M emodA| Exty(C,M)=0for1<i<d-1}

The d-Auslander Reiten translates are given by

Ta(M) =1Q7 N M) 1 (M) =D (M)
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Generalizations

Classical

Generalizations
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[Jer16]

f-tors(A) PR I B -tilt(A

[AIR14]

Maximal
74-rigid pairs

)

Maximal

74-rigid pairs
s.t. M|+ |P| =

</[AHJKPT26]

f-d-tors(A)

-1
[AIR14]

0 ngﬂf{ \%%223]

{ Support

o

74~ tilting pairs }

)Tl o ilg(A)

[MM23]

(d + 1) -silt(A)



d-cluster tilting subcategory - Algebra of interest

An arbitrary algebra A is not guaranteed to admit a d-cluster tilting
subcategory.

Focus on A(n,1) = kA, /( paths of length [) for [ > 2.

An: o————>0——————> e ———> 0 o———»eo

n n—1 3 2 1

Classified by [Vaso " 18] when these admit d-cluster tilting subcategories.
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74-rigidness - Definitions

Definition [Adachi-lyama-Reiten’14]

A pair (M, P) of finitely generated A-modules is a 7-rigid pair if
1. M is 7-rigid, i.e. Homa (M, M) = 0, and
2. Pis projective such that Homp (P, M) = 0.

Moreover, a T-rigid pair (M, P) is 7-tilting if |M| + |P| = |A|.
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74-rigidness - Definitions
Definition [Jacobsen-Jorgensen’20]

Let C € mod A be a d-cluster tilting subcategory.

A pair (M, P) of finitely generated A-modules with M < C is a 74-rigid pair
if

1. M is 74-rigid, i.e. Homp (M, 74M) = 0,

2. Pis projective such that Homy (P, M) = 0.
Moreover, a 74-rigid pair (M, P) is a summand maximal r4-rigid pair if it is
74-rigid and for any 74-rigid pair (N, Q) we have

IN©Q| < |M & P
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T,-rigidness - Example Cont'd

Finding m»-rigid pair (M, P)

e & o & ¢ ¢ ¢
® é ®

® é é
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r.-rigidness - Strategy

Aim for local maximality!
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T,-rigidness - Local maximality

= =t

e e T T T T oooo0oppgpgee eeeoeFT T T T ooooococpgpgoecccce
() . .

e e ¥ ¥ ¥ o o' 'o: o&&@ 55 oo ee oo oo iTTeooeoeeecepnnnnp @0 o0
(1) . . " .

(1)
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Table: Admissible configurations
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T,-rigidness - Local maximality

Z(ii+1)
ooooooo lt.......55‘&&@7,09,&,55,5,@
(V) .
=(i,i+1)
T UT Voo eV Y (eocoovdggocccscse
V)
E(i,i+1)
...... R RRRRE E EYY c28800
(V1) )
E(ii+1)
e ¥ b FbooobbbfFococnnse gageeeee

(Vi)

Table: Admissible configurations
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74-rigidness - Local maximality for d = 2

E(i,i+ 2)
oo“““@@o@@@@@@@gmro
) . e e

Table: Admissible configurations
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7,-rigidness - Connect to one whole

Tit1 Vi
T I | T I O AVAR Vi R | SR VII | VI
| S S i s[s|s
1l A AR AJ|A A
" A AlR| AJ|A A
v A AlR| A | A A
V S S S S S
VI A A Al A A
VI S S S S S S

SR A AR AJ|A A
Vil ATR[A[R|A|A|A

Table: Which components can be connected and how.
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T,-rigidness - Result

Teorem [Theorem A, R.-Vaso '25]
Assume A = A(n,l) admits a d-cluster tilting subcategory C and let (M, P) €
C x proj A be a basic pair. TFAE

1. (M, P) is a summand maximal 74-rigid pair,

2. (M, P) is well-configured,

3. (M, P) is t4-rigid and |[M| + |P| = |A].
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Generalizations

Classical ART4]

Maximal
74-rigid pairs

)

{

[Jor16]
Generalizations Maximal
74-rigid pairs
s.t. M|+ |P| =
</[
f-d-tors(A)

Je—1

o

f-tors(A) PR I B -tilt(A

hm. A{

AHJKPT26] [AHJKPT26]

-1

)Tl o ilg(A)

[AIR14]

0 ngﬂf{ \%%223]

Support
74~ tilting pairs

Summand maximal
74-rigid pairs

Thm.C\

For A(n,

Department of
Mathematical Sciences

@ NTNU

0.

}

(d+

[MM23]

1) -silt(A)



d-torsion classes - Result

KOy - ey R
2

5
The graph G: Datt1 - D},(0)) €<—— D},,,(0) (+ additional arrows for d = 2)
=

N—2,0, Ni—2,1
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d-torsion classes - Result

Teorem [Theorem B, R.-Vaso’25]

Let C € mod A(n, 1) be a d-cluster tilting subcategory. There is a bijection

1-1 { Paths in G of length }
>

{ d-torsion classes in ¢ } p — 1 starting in odd vertex.
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d-torsion class - Example

'\/’\%’\/’Y’\/’
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Paper IV
A NOTE ON THE EXTENDED MODULE CATEGORIES OF
HOMOGENEOUS NAKAYAMA ALGEBRAS

Endre S. Rundsveen
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Another direction

Classical

Generalizations
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f-tors(A)

1—
[AIR14]

st -tilt(A)

1-1
[AIR14]

2 -silt(A)

(m + 1)-silt A
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Extended module categories

K(~1.0] (proj A)

A1) =~ mod A

K% (proj A)
Alm]

~ { X* € D’(mod A) | H'(X®) = 0 fori ¢ [—(m —1),0] }

= m-mod A

Objects are complexes instead of modules.

d*(m*D
o x—(m-1) X*> X —(m—2) con X1 X0
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Another direction

. 1-1 . 1-1 .
Classical f-tors(A) ara S -tilt(A) R 2 -silt(A)
[Zho25]
[AET23]

D- T[] -tilt (m -mod A)

Generalizations
1-1 1-1
[Zho25] [Zho25]

f-s-tors(m-mod A) (m 4+ 1)-silt A
[Gup25]
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m-mod A - Preliminary exploration

@ NTNU | Fmsisaences

36



m-mod A - Initial question

How do the extended module categories behave and look like for Nakayama
algebras?
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m-mod A - Knitting

;((7”*1) d;(l
— x—(m-1) ——— y—(m-2) x-1 X0
dim(H-mD(X*))  dim(H-"2)(X*)) dim(H(X*)) dim(HO(X*))

Definition

The cohomological dimension vector of X* € m-mod A is given by the se-
quence ‘
Dim(X*®) = (dimH"(X*)) _(m-1)<i<o
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m-mod A - Knitting

39

tm f
m,
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2-mod A(5,4) - Python-assisted exploration

e— " »0e—>0—r0—»o

5 4 3 2 1

The AR-quiver of 2-mod A(5,4) is given by
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2-mod A(6,4) - Python-assisted exploration

- - ~ ~
e———ro——rOo—PrOo—>0——> 0

6 5 4 3 2 1

The AR-quiver of 2-mod A(6,4) is given by
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2-mod A(7,4) - Python-assisted exploration

. > e > o > > e
7 6 5 4 3

The AR-quiver of 2-mod A(7,4) is given by




2-mod A(8,4) - Python-assisted exploration




2-mod A(9,4) - Python-assisted exploration
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2-mod A(10,4) - Python-assisted exploration




m-mod A(n,[) - Finiteness
Teorem [R.'26]

The extended module category m-mod A(n, () is of finite type exactly when
it is contained in the table below.

l "3 4 5 6 7 8 9 10 11
2 | Al Al A Al Al Al AL Al Al
3 Al Al AL Al Al <4 <4 <4
4 Al Al Al <2 <2 <2 <2
5 Al Al Al <2 <2 <2
6 Al Al =1 =1 =
7 Al =1 =1 =1
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m-mod A - Cyclic cases
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m-mod A - Cyclic cases

0‘/71.1 n—2
(L

N

2

Teorem [R."26]
Let A be a cyclic Nakayama algebra with n vertices, and relations given by
all paths of length I. Then m-mod A is of finite type if and only if
1. 1=2,
2. m<4andl =3,
3. m<2andeitherl =40rl=35,0r
4. m = 1.
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